Abstract A theoretical study on the nonlinear propagation of nonplanar (cylindrical and spherical) electrostatic modified ion-acoustic (mIA) shock structures has been carried out in an unmagnetized, collisionless four component degenerate plasma system (containing degenerate electron fluids, inertial positively as well as negatively charged light ions, and positively charged static heavy ions). This investigation is valid for both non-relativistic and ultra-relativistic limits. The modified Burgers (mB) equation has been derived by employing the reductive perturbation method, and used to numerically analyze the basic features of shock structures. It has been found that the effects of degenerate pressure and number density of electron and inertial positively as well as negatively charged light ion fluids, and various charging state of positively charged static heavy ions significantly modify the basic features of mIA shock structures. The implications of our results to dense plasmas in astrophysical compact objects (e.g., non-rotating white dwarfs, neutron stars, etc.) are briefly discussed.
Introduction
Now-a-days, the physics of quantum plasmas containing both positive and negative ions (more specifically multi-ion plasmas) have received an enormous attention in understanding the localized electrostatic disturbances in astrophysical environments and laboratory plasma systems. The presence of the negative ions in the Earths ionosphere [1] and coma of comet Halley [2] is well known. In different situations, (viz. plasma processing reactors [3] , neutral beam sources [4] , lowtemperature laboratory experiments [5] , etc.) the existence of positive-negative ion plasmas has also been found.
In some astrophysical compact objects, there has been a great deal of interest in understanding the basic properties of matter under extreme conditions [6−9] . White dwarf is an example of matter under extreme condition. The basic constituents of white dwarfs are mainly oxygen, carbon, helium with an envelope of hydrogen gas. It is however, sometimes assumed that the whole star is made up of either carbon or helium or a composite structure of these three elements with the heaviest at the core and lightest at the crust [10] . Now it is well known from the nuclear structure studies, that the kind of isotopes of He, C, O, Mg, Ne, etc. present in white dwarfs are all bosons. In some relatively massive white dwarfs, one can think of the presence of heavier element like iron within the stars. The heavy nuclei are mainly formed in the interiors of massive stars. When these stars contract to very high densities, matter in their interiors will cool and become degenerate under certain conditions. The formation of heavy elements begins in this state of degeneracy. When explosion occurs part of the heavy elements distribute over the surrounding space and leave one or more stellar remnants in the form of white dwarfs [11] . In the case of such a compact object the degenerate electron number density is so high (in white dwarfs it can be of the order of 10 30 cm −3 (see Table 1 ), even more [12−15] ). For such interstellar compact objects the equations of state for degenerate ions and electrons are mathematically explained by Chandrasekhar [6] for two limits, named as non-relativistic and ultra-relativistic limits. Chandrasekhar [6, 7] presented a general expression for the relativistic ion and electron pressures in his classical papers. The pressure Table 1 . Approximate mass density (ρ0), corresponding plasma particle (electron, positive ion, and heavy ion) number densities of white dwarfs [17−20] 31 * We note that to estimate the plasma number densities (n e0 , Zpn p0 , Z h n h0 ) we have used Zpn p0 +Z h n h0 + Znn n0 = ρ/mp and the quasi-neutrality condition Zpn p0 + Z h n h0 = Znn n0 + n e0 for ion fluid can be given by the following equation
where
for the non-relativistic limit (where Λ c = π /mc = 1.2 × 10 −10 cm, and is the Planck constant divided by 2π). While for the electron fluid,
where γ = α; K e = K i for nonrelativistic limit, and (4)
in the ultra-relativistic limit [6] [7] [8] [9] 16, 17] . Quantum plasmas have drawn reasonable attention of many researchers in the last few decades, due to their importance in astrophysical environments [21−26] , in high intense laser solid density experiments [27] , in ultra cold plasmas [28] , in micro-plasmas [29] and in micro electronics devices [30] . Mamun and Tasnim [31] considered a multi-ion plasma and investigated the basic features of solitary and shock structures. Duha [32] also rigorously investigated the salient characteristics of shock waves under consideration of multi-ion plasma. Since the dense astrophysical quantum plasmas can be confined by stationary heavy ions, therefore, the effect of the heavy ions has to be taken into account, especially for astrophysical observations (such as white dwarfs, neutron stars, black holes, etc.) where the degenerate plasma pressure and heavy ions play an important role in the formation and stability of the existing waves. More recently, Zobaer et al. [33−35] and Hossain et al. [36−38] considered a multi-ion plasma containing non-relativistic ion fluids and both non-relativistic and ultra-relativistic electron fluids, and theoretically observed the basic features of solitary, shock, and double layer structures. All of the authors did not consider the effect of heavy ions and their different charging situations which can significantly modify the propagation of solitary and shock structures. As far as we know, no theoretical investigation has been made on to study the extreme conditions of matter for both non-relativistic and ultra-relativistic limits, and various charging situations of positively charged static heavy ions on a nonplanar (cylindrical and spherical) geometry under consideration of multi-ion plasma. This is the main motivation for us to study the basic features of nonplanar mIA shock waves by deriving the mB equation in a dense multi-ion plasma containing degenerate electron fluids, inertial positively as well as negatively charged ions, and positively charged static heavy ions.
Governing equations
We consider the propagation of an electrostatic perturbation mode in an unmagnetized four component degenerate plasma containing both non-relativistic and ultra-relativistic degenerate electrons, non-relativistic degenerate inertial ions having both positive and negative ions and positively charged static heavy ions. Thus, at equilibrium we have Z p n p0 + Z h n h0 = n e0 + Z n n n0 . We have also consider the number density of positive and negative ions to be equal at equilibrium i.e., n p0 = n n0 . The dynamics of the electrostatic waves propagating in such plasma system is governed by the following normalized equations
where ν = 0 for one dimensional planar geometry, and ν = 1 (2) for nonplanar cylindrical (spherical) geometry; n s (s = p, n) is the plasma species number density normalized by its equilibrium value n s0 , u s is the plasma species ion fluid speed normalized by
with m e (m p ) being the electron (plasma ion species) rest mass and c being the speed of light in vacuum, φ is the electrostatic wave potential normalized by m e c 2 /e with e being the magnitude of the charge of an electron, the time variable (t) is normalized by ω pm = (4πe 2 n 0 /m p ) 1/2 , and the space variable (r) is normalized by λ m = (m e c 2 /4πe
is the ratio of negative and positive ion masses multiplied by their charge per ion, Z s (where s = p, n), α e (= n e0 /Z p n p0 ) is the ratio of the number density of electron and positive ion multiplied by charge per positive ion Z p , α n (= Z n n n0 /Z p n p0 ) is the ratio of the number density of negative and positive ions multiplied by their charge per ion, Z s , and µ h (= n h0 /Z p n p0 ) is the ratio of the number density of positive charged heavy ions and positive ion multiplied by charge per positive ion (Z p ). The coefficient of viscosity η s (s = p, n) is normalized by ω m λ 2 m m s n s0 . We have defined
3 Derivation of modified Burgers equation
Now we derive mB equation by employing the reductive perturbation technique in order to examine the characteristics of the electrostatic shock waves propagating in a dense plasma system. We introduce the stretched coordinates [39] as follows:
where V p is the wave phase speed (ω/k with ω being angular frequency and k being the wave number of the perturbation mode), and is a smallness parameter measuring the weakness of the dispersion (0 < < 1). We then expand n s , n e , u s , and φ, in power series of :
and develop equations in various powers of . To the lowest order in , Eqs. (6)- (17) give u
+ K 1 represents the dispersion relation for the mIA type electrostatic waves in the degenerate dense plasma under consideration.
We are interested in studying the nonlinear propagation of these dissipative mIA type electrostatic waves in a degenerate plasma. To the next higher order in , we obtain a set of equations
s +n 
Numerical analysis and results
We now switch our attention to numerically analyze the mB equation. However, for clear understanding, we first briefly discuss about the stationary shock wave solution for Eq. (24). We should note that for a large value of τ , the term νφ (1) 2τ is negligible. So, in our numerical analysis, we start with a large value of τ (viz. τ = −6), and at this large (negative) value of τ , we choose the stationary shock wave solution of Eq. (27) [without the term νφ (1) 2τ ] as our initial pulse. The stationary shock wave solution of this standard Burgers equation is obtained by considering a frame ξ = ζ −u 0 τ (moving with speed u 0 which is the ion fluid speed at equilibrium) and the solution is
where φ
(1) m = u 0 /A and δ = 2B/u 0 . It is important to note here that mB equation is derived here is valid for the all values of A except 0 or ±∞. It is also important to note that the initial condition that we have used in our numerical results is the form of the stationary solution (Eq. (27) ) at τ = −6. One can also consider a positive value of τ . The positive or negative values of τ just indicate the time at which the stationary shock pulse is first assumed to be observed.
Generally, Shock waves often arise in nature due to the balance between wave-breaking nonlinearity and wave-damping dissipative forces [40] . We have considered u 0 = 0.01 for our numerical analysis of mIA waves for the plasma system under investigation here. We also consider the value of β, α e , α n as 0.3, 0.4, 0.3, respectively [38, 41] . We first graphically represented the effects of µ h (= n h0 /Z p n p0 ) on the phase speed of mIA waves (see Fig. 1 ). Then we numerically solved Eq. (24) in the case of cylindrical (ν = 1) and spherical (ν = 2) geometry for time dependent mIA shock waves (for cylindrical see Figs. 2-4, 7, 8 and for spherical see Figs. 5, 6, 9, 10) . It is notable that if we compare the non-relativistic (both electrons and ions are non-relativistic degenerate) and ultra-relativistic case (electrons are ultra-relativistic degenerate and ions are non-relativistic degenerate) for mIA waves, one cylindrical (see Figs. 2-4, 7, 8 ) and one spherical (see Figs. 5, 6, 9 and 10) shock structure will be found for every case. Finally, the results that we have found in this investigation can be summarized as follows:
a. The phase speed of the mIA waves decreases with the increase of the value of µ h . It is obvious from Fig. 1 that with the increase of the value of Z h (Z h = 1, 5, 100) the phase speed slowly decreases for both non-relativistic and ultra-relativistic cases in the presence of positively charged static heavy ions. It is expected as from the expression of V p . b. The plasma system under consideration supports mIA shock structures whose basic characteristics (speed, amplitude, and width) are found to be significantly modified due to the various charging situations of positively charged static heavy ions. The amplitude of the mIA waves is found to decrease with the increasing values of heavy ion charge state Z h for both non-relativistic (see Figs. 2, 3 , 5, 7 and 9) and ultrarelativistic (see Figs. 4, 6, 8 and 10) cases.
c. The large value of τ kills the possibility of formation of nonplanar shock waves. It has been found that as the value of τ decreases the amplitude of these localized pulses increases for mIA waves (see Fig. 2 ). e. If we compare the ν = 1 graphs (see Figs. 2-4 , 7, and 8) with the ν = 2 ones (see Figs. 5, 6, 9 and 10), we observe that the amplitude is always distinctly higher in ν = 2 case than that in ν = 1 case for mIA waves, which indicates that the density compression can be more effectively achieved in a spherical geometry. 
Discussion
To summarize, we have presented a rigorous theoretical investigation of the nonlinear propagation of mIA shock waves in an unmagnetized, collisionless four component degenerate plasma (containing degenerate electron fluids, inertial positively as well as negatively charged ions, and positively charged static heavy ions). The positively charged static heavy ions participate only in maintaining the quasi-neutrality condition at equilibrium. It is found that as time decreases the amplitude of the cylindrical and spherical mIA shock wave height increases. The basic properties (speed, amplitude, and width) of mIA shock waves are found to be significantly modified due to various charging situations of positively charged static heavy ions (Z h = 1, 5, 100), and the number densities of the degenerate electrons and non-degenerate positively as well as negatively charged ions. It is found that the amplitude of the shock waves has been modified by the heavy ion number density (via µ h ). We have studied the effect of nonplanar (cylindrical and spherical) geometry on the propagation of mIA shock waves, where degenerate plasma pressure and positively charged static heavy ions are taken into account. This model is also rigorously valid for large value of Z h (Z h > 100).
It may be stressed here that the results of the present investigation should be useful for understanding the nonlinear features of localized electrostatic disturbances in compact objects, like in the interior core of white dwarfs and in the atmosphere of neutron stars [17, 18] , the effects of heavy elements in interstellar and space plasmas [42, 43] , etc.
